BiHamiltonian systems were first defined in the fundamental paper of Magri, [5] , which deduced the integrability of many soliton equations from the fact that they could be written in Hamiltonian form in two distinct ways. More recently, the classical completely integrable Hamiltonian systems of ordinary differential equations, such as the Toda lattice and rigid body, have been shown to be biHamiltonian systems. (However, recent results of Brouzet, [1] , and extended by Fernandes, [3] , indicate that there are global, topological obstructions to the existence of a biHamiltonian structure for a general completely integrable Hamiltonian system.) The connection between biHamiltonian structures and R-matrices, [10], which provide solutions to the classical Yang-Baxter equation, has given additional impetus to their study.
covariant differential form framework for symplectic structures, does not appear to readily generalize, since degenerate Poisson structures can only be readily expressed in the contravariant language of bi-vector fields, [7] .
A system of differential equations is called biHamiltonian if it can be written in Hamiltonian form in two distinct ways:
Here J 1 (x), J 2 (x) are Hamiltonian operators, not constant multiples of each other, determining Poisson brackets: {F, G} ν = ∇F T J ν (x)∇G. The biHamiltonian structure detemined by J 1 , J 2 is compatible if the sum J 1 + J 2 is also Hamiltonian. The biHamiltonian structure is nondegenerate if the first Hamiltonian operator J 1 is nonsingular.
Theorem. Suppose J 1 , J 2 determine a nondegenerate, compatible biHamiltonian structure. For any associated biHamiltonian system (1), there exists a hierarchy of Hamiltonian functions H 0 , H 1 , H 2 , . . ., all in involution with respect to either Poisson bracket, {H j , H k } ν = 0, and generating mutually commuting biHamiltonian flows
We classify biHamiltonian structures pointwise according to the algebraic invariants of the skew-symmetric matrix pencil λJ 1 (x) + µJ 2 (x) at each x. According to the Weierstrass theory, cf. [2] , the complete system of algebraic invariants of a non-degenerate matrix pencil consists of the eigenvalues, the elementary divisors, and the Segre characteristic. (Degenerate pairs of skew-symmetric matrices are handled by the more detailed Kronecker theory.) A pencil is called elementary if it has just one complex eigenvalue, and irreducible if it has Segre characteristic [(nn)], analogous to a single Jordan block. Every non-degenerate complex matrix pencil can, algebraically, be decomposed into a direct sum of irreducible matrix pencils. (For simplicity, we restrict our attention to complex-analytic systems, although the real case offers little additional difficulty.) The algebraic invariants of a biHamiltonian structure are invariant under the flow of any associated biHamiltonian system. A biHamiltonian structure is generic on a domain M if it has constant Segre characteristic, and the number of functionally independent eigenvalues does not change on M .
Theorem. Every generic non-degenerate, compatible biHamiltonian structure can be locally expressed as a Cartesian product of elementary biHamiltonian structures. Every associated biHamiltonian system decomposes into independent subsystems corresponding to the elementary substructures, each of which consists of an autonomous Hamiltonian system whose dimension is twice the number of irreducible sub-structures for the given eigenvalue, coupled with a sequence of linear, non-autonomous Hamiltonian systems. In particular, the biHamiltonian system is completely integrable if and only if there is just one irreducible sub-structure for each eigenvalue.
When an eigenvalue is constant, the elementary sub-structure decomposes into a Cartesian product of irreducible sub-structures; however, this decomposition does not hold in the case of non-constant eigenvalues. We will now present the details of the Turiel classification and the structure of associated biHamiltonian systems.
Without loss of generality, we may assume that neither 0 nor ∞ is an eigenvalue, so that the biHamiltonian structure is determined by two compatible symplectic Hamiltonian operators. (Otherwise, replace J 1 , J 2 by two other linearly independent members of the corresponding pencil.) Darboux' theorem, [7; Theorem 6.22], implies that we can write the first Hamiltonian operator in canonical form
relative to canonically conjugate coordinates x = (p, q). Therefore, only the canonical form of the second Hamiltonian operator needs to be explicitly indicated. Given a Hamiltonian pair J 1 , J 2 , any associated biHamiltonian system must be a solution to the linear system of partial differential equations
where M is the transpose of the recursion operator, [7] . We remark here that the simple system of differential equations (4), which arises in a surprising number of different contexts, is not well understood, except when the matrix M is constant, in which case the general solution can be found in [4] . In the present case, the solutions all have a similar pattern. On any convex open subdomain, the two Hamiltonians H 0 , H 1 are expressed as a sum of "basic" Hamiltonians H
1 , which are individually solutions to (4):
1 , can be most simply expressed in terms of the derivatives with respect to a parameter s evaluated at s = 0 of a single arbitrary analytic function F (ξ 1 (x, s) , . . . , ξ m (x, s)) depending on certain parameterized variables ξ j (x, s). We can therefore summarize the general classification results in this convenient form.
I) Irreducible, Constant Eigenvalue Pairs.
Canonical coordinates:
(p, q) = (p 0 , p 1 , . . . , p n , q 0 , q 1 , . . . , q n ) , n ≥ 0.
Second Hamiltonian operator:
Here λI + U denotes an irreducible (n + 1) × (n + 1) Jordan block matrix with eigenvalue λ.
Parametrized variables:
Basic Hamiltonians:
The Hamiltonians are polynomials in the "minor variables" p 1 , . . . , p n , q 0 , . . . , q n−1 , whose coefficients are certain derivatives of the arbitrary smooth functions F k (p 0 , q n ) of the remaining two "major variables" p 0 , q n . This implies, cf. [8] , that any biHamiltonian system corresponding to an irreducible, constant eigenvalue biHamiltonian structure is completely integrable, since it can be reduced to a single two-dimensional (planar) autonomous Hamiltonian system for the major variables, with Hamiltonian n!F n (p 0 , q n ). (Curiously, the major variables are not canonically conjugate for any of the Hamiltonian structures in the pencil determined by J 1 and J 2 .) The time evolution of the minor variables is then determined by successively solving a sequence of forced planar, linear Hamiltonian systems in the variables p k , q n−k .
II. Elementary, Constant Eigenvalue Pairs.
Canonical coordinates:
where
where λI + U i denotes an irreducible (n i + 1) × (n i + 1) Jordan block as above.
Parametrized variables:
We define
where m k denotes the number of indices n i with n i ≥ k, i.e., the number of irreducible sub-structures of dimension ≥ 2k + 2; in particular m 0 = m.
As in the irreducible case, the Hamiltonians are polynomials in the minor variables p 
III. Irreducible, Non-constant Eigenvalue Pairs.
Canonical coordinates:
(p, q) = (p 0 , p 1 , . . . , p n , q 0 , q 1 , . . . , q n ), n ≥ 0. Second Hamiltonian operator:
where P (p) denotes the (n + 1) × (n + 1) banded upper triangular matrix
Here p 0 is the eigenvalue. The explicit formula for the Hamiltonian operator J 2 in terms of p 0 , . . . , p n is quite complicated. However, remarkably, the
is also Hamiltonian, and, in fact, isomorphic to the Hamiltonian structure determined by J 2 ; see [8] for an explicit change of variables mapping the one Hamiltonian structure to the other.
Here π ′ (s) is the derivative of π with respect to s. In this case, the eigenvalue is a constant, hence p 0 is a first integral. Once its value is fixed, the other minor variable q n is determined by solving a single autonomous ordinary differential equation. The remaining minor variables p 1 , . . . , p n , q 0 , . . . , q n−1 satisfy a sequence of forced, linear planar Hamiltonian systems. (5). Again p 0 is the eigenvalue. Note that this particular biHamiltonian structure is pointwise algebraically reducible, but cannot be decoupled using canonical transformations.
